We give new examples of shellable but not extendably shellable two dimensional simplicial complexes. They include minimal examples, which are smaller than those previously known. We also give examples of shellable but not vertex decomposable two dimensional simplicial complexes. Among them are extendably shellable ones. This shows that neither extendable shellability nor vertex decomposability implies the other. We found these examples by enumerating shellable two dimensional simplicial complexes which are not pseudomanifolds. A rather ecient algorithm for this enumeration is also given.
Introduction
A pure simplicial complex is shellable if there is a total order of facets according to which the facets can be pasted incrementally in a nice way (see Section 2 for denitions). The notion of shellability was introduced by Bruggesser & Mani [5] , who showed the shellability of the boundary complexes of polytopes. Shellability is important both in combinatorial and computational geometry, for example, it was essential for the proof of the upper bound of the number of faces of polytopes [11] , or has been used for ecient convex hull construction of polytopes [14] . Shellability has also been studied from algebra through the Stanley-Reisner ring of simplicial complexes [8] [15] .
A pure simplicial complex is extendably shellable if any sequence of a subset of facets satisfying the condition of being pasted nicely can be continued to a shelling. This means we can make a shelling by pasting facets one by one in a greedy manner. Extendable shellability was dened by Danaraj & Klee [6] , who showed that for a 2-pseudomanifold, shellability, extendable shellability, and being a 2-ball or a 2-sphere are equivalent [7] . It is also known that rank 3 (i.e. geometrically, 2-dimensional) matroids are extendably shellable [4] . However, a 3-pseudomanifold, or even the boundary complex of a 4-polytope can be shellable but not extendably shellable [18] . Even in dimension two, if we consider simplicial complexes other than pseudomanifolds, shellable but not extendably shellable examples exist [2, Exercise 7 .37] [9, Section 5.3] [15] . Since, for a 1-simplicial complex, or a graph, shellability, extendable shellability and connectivity are equivalent, dimension two is the smallest interesting case to consider. (For more information on shellability, extendable shellability and other combinatorial topological properties, see [3] [6] [16] [17] [18] ).
The rst topic of this paper is shellable but not extendably shellable 2-simplicial complexes (Section 3). First, we give new examples of such kind. Among them are examples smaller than those in the literature, and we have checked their minimality by enumeration:
Theorem A. The two 2-simplicial complexes V6F9-1; 2 with 6 vertices and 9 facets are shellable but not extendably shellable (Example 2). There is no 2-simplicial complex with less than 6 vertices or less than 9 facets having this property.
Next, we show operations to make larger shellable but not extendably shellable 2-simplicial complexes from smaller ones, and show the relation among the examples with respect to these operations or set inclusion (Propositions 6, 10, Remark 7).
A pure simplicial complex is vertex decomposable if there is a total order of vertices according to which the facets including the vertex can be nicely removed. This is another operation for breaking (or constructing) simplicial complexes inductively. Vertex decomposability was rst introduced by Billera & Provan [1] [13] in connection with the Hirsch conjecture (see also [3] The examples in this paper were generated using a computer. In the nal part (Section 5), we propose a rather ecient algorithm to enumerate shellable 2-simplicial complexes which are not pseudomanifolds (Algorithm 16, Theorem 17). It generates one example per each class consisting of those identical with respect to the relabeling of vertices.
The study in this paper is an expansion of [12] . We are interested in the case of dimension two. When a 2-simplicial complex has a 2-dimensional ball (resp. 2-dimensional sphere) as its realization, we simply call it a 2-ball (resp. 2-sphere). For the top dimensional element Checking that these examples are shellable but not extendably shellable was also done using a computer. However, for examples V6F9-1; 2, V6F10-1; 3; 4; 5, V7F11, V7F12 or V7F13, Lemma 3 below gives a proof of not being extendably shellable. This observation can be found, for example, in [16, Section III.2]. Lemma 3. Let 1 be a shellable 2-simplicial complex with h 3 = 0. Then, the nal facet in any of its shelling is a boundary facet. If there exists a proper partial shelling including all of the boundary facets, it does not extend to a shelling of 1, and 1 is not extendably shellable. As can be observed from the examples, stuck partial shellings not including all of the boundary facets also exist. Remark 5. All examples except V6F11-3 in Example 2 can be realized as polyhedral complexes without self intersection in three dimensional space. However, V6F11-3 cannot, because it includes the two dimensional projective space as a subcomplex.
Relations
The following proposition gives a way to enlarge a shellable but not extendably shellable example, keeping a stuck partial shelling. Another relation between the examples to consider is the set inclusion. We show some properties of minimal examples with respect to this relation.
A homology facet in a shelling is a facet with any of its proper subface included in some preceding facet in the shelling. If is a homology facet in some shelling of a simplicial complex 1, by simply removing , a shelling of 1 n fg can be made. In a shelling of a 2-simplicial complex, each homology facet contributes one to h 3 .
Lemma 9. Among the shellable but not extendably shellable 2-simplicial complexes, let 1 be a minimal one with respect to set inclusion. Then any proper partial shelling of 1 is extendably shellable. Thus any stuck partial shelling is extendably shellable. Furthermore, stuck partial shellings do not contain 2-spheres as subcomplexes. Proof. The claims for extendable shellability are clear by the minimality of 1.
Suppose there was a stuck partial shelling with S the set of its facets including a 2-sphere T as a subcomplex. Take a shelling of the whole simplicial complex 1 and let be the last facet in T . The facet is a homology facet of 1 with respect to this shelling. Thus 1 n fg is shellable.
Next, we show there is a shelling of the stuck partial shelling S with a homology facet. Then the simplicial complex with S nfg the facets becomes shellable. Since T is a 2-sphere, by Theorem 1, it has a shelling beginning from . By taking the reverse order, we can make a shelling of T ending with , and becomes a homology facet. Since S is extendably shellable as remarked above, this shelling of T can extend to a shelling of S, and is a homology facet also in this extended shelling. Now, S nfg is a stuck partial shelling in 1nfg, thus 1nfg is not extendably shellable. (A remark redundant to this proof: adding to 1 n fg is a valid operation in Proposition 6.) This contradicts the minimality of 1.
Proposition 10. Among the shellable but not extendably shellable 2-simplicial complexes, let 1 be a minimal one with respect to set inclusion. Then 1 does not contain 2-spheres as subcomplexes. Proof. Suppose 1 included a 2-sphere T as a subcomplex. Since stuck partial shellings do not contain 2-spheres (Lemma 9), T is not included in any of the stuck partial shellings. Hence a shelling of T can be extended to a shelling of the whole simplicial complex 1.
Take a stuck partial shelling S of 1. Since S does not contain a 2-sphere, there should exist a 2-simplex 2 T n S.
Similar as in the proof of Lemma 9, T has a shelling ending with , with a homology facet. As remarked above, we can extend this shelling of T to a shelling of the whole simplicial complex 1, and is still a homology facet. Thus 1 n fg is shellable. The stuck partial shelling S of 1 is a stuck partial shelling of 1 n fg, thus 1 n fg is not extendably shellable. (A remark redundant to this proof: adding to 1 n fg is a valid operation in Proposition 6.) This contradicts the minimality of 1.
Remark that V6F9-1; 2; V7F11 are minimal with respect to set inclusion. Other interesting questions to consider might be (1) if minimal examples have h 3 = 0 (i.e. do not contain \homology 2-spheres"), (2) if minimal examples have the least number of facets for xed number of vertices, or (3) if stuck partial shellings of such examples contain all of the boundary facets. Dealing with the relations by the operations in Proposition 6 is another interseting subject.
Shellable but not vertex decomposable simplicial complexes
We rst give shellable but not vertex decomposable 2-simplicial complexes found using the enumeration technique in Section 5. They include one known example. Another larger known example V7F13 is also listed. Checking that these examples are shellable but not vertex decomposable was also done using a computer. Extendable shellability and vertex decomposability are both properties stronger than shellability. Vertex decomposable but not extendably shellable simplicial complexes have been known (V6F11-3 [2, Exercise 7.37], for example). On the other hand, examples V6F10-6; 7 show the existence of extendably shellable but not vertex decomposable ones. Thus we know there are no implication between these two properties. Corollary 12. Neither extendable shellability nor vertex decomposability implies the other. Remark 13. A topological drawing of V6F10-6 is shown below. Boundary ridges are drawn in bold lines. We call the 2-simplicial complex with ve vertices 1;: : : ; 5 and three facets 123, 124, 125 the initial simplicial complex, and denote it by 1 initial . This is the minimal 2-nonpseudomanifold. For a 2-simplicial complex, we also call a subcomplex isomorphic to 1 initial an initial simplicial complex. During the enumeration, for each size of vertices and facets, we only want to output one simplicial complex among the isomorphic ones. This can be done using the following lemma. Lemma 18. We can nd a canonical labeling with respect to isomorphism of a 2-simplicial complex with v vertices and f facets in O(v!vf ) time. Proof. Consider the vertex facet incidence matrix. Make all copies for the v! dierent vertex labelings. Remark that v < f for the examples we are interested in. Use radix sort.
Finally, the numbers of isomorphism classes of shellable nonpseudomanifolds we enumerated are shown in Table  3 .
# Table 3 : The number of isomorphism classes of shellable two dimensional nonpseudomanifolds with specied numbers of vertices and facets.
